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Abstract
We study the role of co-jumps in the interest rate futures markets. To disentangle
continuous part of quadratic covariation from co-jumps, we localize the co-jumps
precisely through wavelet coefficients and identify statistically significant ones. Using
high frequency data about U.S. and European yield curves we quantify the effect of
co-jumps on their correlation structure. Empirical findings reveal much stronger
co-jumping behavior of the U.S. yield curves in comparison to the European one.
Further, we connect co-jumping behavior to the monetary policy announcements,
and study effect of 103 FOMC and 119 ECB announcements on the identified co-
jumps during the period from January 2007 to December 2017.
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1. Introduction
The understanding of the financial market behavior is fundamental not only for
investors but also for policy makers and researchers alike, and it lies at heart of
financial research for decades. Behavior of bond prices is central to this research
since bond market reflects monetary policy decisions about short term interest rates
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taken by central banks. This information is then transferred to the long end of
the yield curve which in turn has influence on the future development of the whole
economy. Yield spreads are used to forecast future short yields, real activity or
inflation, and these forecasts further form a basis information set used for investment,
saving and policy decisions. Moreover, the bond prices play essential role in valuing
number of financial derivatives as swaps, futures, options and construction of hedging
strategies. A very important question to ask is then how sensitive the bond markets
are to exogenous events creating jumps, and co-jumps along the treasury yield curve
rates. With a few exceptions discussed below, much of recent work has approached
bond markets assuming no significant co-jump behavior silently.
In this paper, we aim to identify the role of co-jumps in the U.S., and European
Treasury markets, and contribute to the empirical literature studying bond markets
in several ways. First, we aim to find how co-jumps impact correlation structure
of the treasury markets. Second, using high frequency data about the interest rate
futures and precise localization techniques, we would like to find what portion of co-
jumps can be identified by macroeconomic announcements in both markets. Third,
we would like to document response patterns of the whole yield curve to monetary
policy announcements. Finally, using equal sample period of the high frequency
data about the U.S. and European interest rate markets, we would like to study the
differences in the co-jumps behavior, their role, and reactions at the two important
bond markets.
The importance of jumps is studied vastly in the univariate setting using sin-
gle maturities. Johannes (2004) finds that jumps play an essential role in describing
interest rate dynamics as they account for a substantial part of total volatility. More-
over, Andersen et al. (2007); Busch et al. (2011); Patton and Sheppard (2015) show
that incorporating the jump component improves out-of-sample volatility forecast.
Besides the benefits for volatility modeling, vast literature looks at role of jumps
in connection to macroeconomic news announcements. From many, Balduzzi et al.
(1997), Balduzzi et al. (2001), Das (2002), Piazzesi (2005) consistently report that
Federal Open Market Committee (FOMC) meetings and scheduled macroeconomic
news announcements are an important factor in explaining jumps.
While it is important to understand the role of jumps in interest rate markets, it
is tempting to find effects of co-jumps on the whole term structure of the yield curve
as co-jumps are able to capture the co-movements of prices across term structure.
This distinction provides new insights about bond market dynamics as the detection
of co-jumps across different maturities provides additional information compared
to the case where individual bond maturities jump in isolation. Yet, literature is
limited with this respect. Among few, Bibinger et al. (2016) examine structure of
2
the yield curve in reaction to announcements of ECB using two distant terms of
German government bond futures from 2001 to 2012. Dungey et al. (2009) study
the same problem from the perspective of US Treasury market and scheduled FED
announcement on data from 2002 to 2006. Dungey and Hvozdyk (2012) distinguish
from previous literature by examining co-jumping between spot and futures in the
US Treasury market. Moreover, Lahaye et al. (2011) relate the co-jumps extracted
from a panel of US stocks to US macroeconomic announcements and model how
news surprises explain co-jumps.
Whereas these contributions provide first results on behavior of co-jumps, the
role of co-jumps in the treasury yield curve is not fully understood. One of the
important question is how jumps and co-jumps influence correlation structure of the
yield curve. Literature has studied role of co-jumps in asset (Clements and Liao,
2013) or currency markets (Barunik and Vacha, 2018) reporting significant positive
impact on correlations, but with few exceptions mentioned above, literature stay
silent about bond markets, especially in connection to high frequency data. Since
mentioned papers use very distinct methodologies as well as time spans, the results
are also not comparable directly. Moreover, methods are often not fully effective in
separation of co-jumps and large disjoint jumps.
In this study, we contribute to the growing literature by estimating co-jumps
using precise techniques, and comprehensively studying the role of co-jumps in the
U.S. and European treasury yield curve rates. We rely on the recently introduced
approach to identify co-jumps (Barunik and Vacha, 2018) based on a wavelet decom-
position of stochastic processes. The main reason why we focus on wavelet analysis
is its remarkable ability to detect jumps and sharp cusps even if covered by noise
(Donoho and Johnstone, 1994; Wang, 1995). The reported improvements originate
from the fact that wavelets are able to decompose noisy time series into separate
time-scale components. This decomposition then helps to distinguish jumps from
continuous price changes, and microstructure noise effects as wavelet coefficients de-
cay at a different rate for continuous and jump processes. Wavelet coefficients at
jump locations are larger in comparison to other observations. While changes in
continuous price processes over a given small time interval are close to zero, changes
in jumps are significantly larger. Wavelet coefficients are able to precisely distin-
guish between these situations, and hence locate jumps very precisely. Moreover, the
method is able to further decompose the discontinuous process and separate jumps
and co-jumps while minimizing the identification of false co-jumps resulting from
presence of large disjoint jumps.
For the empirical analysis, we use the tick data about interest rate futures. There
are multiple reasons why to analyze futures instead of cash market in order to exam-
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ine co-jump behavior of the yield curve. Importantly, availability of high frequency
tick data for the futures contracts makes futures advantageous in comparison to cash
market. Futures markets are becoming more liquid over time, and are gaining im-
portance relative to cash market. Due to delivery mechanism of the U.S. Treasury
futures contracts, futures prices are tightly linked to underlying bond prices (and
yields), and moreover, also due to lower transaction costs, futures market was de-
tected to be dominant to cash market in reaction to news and price discovery process
(Brandt et al., 2007).
Empirical results provide interesting evidence about role of the co-jumps in the
interest rate markets. In a nutshell, collecting tick by tick data about the U.S.
and European interest rate futures market for the period spanning the dates 2007 –
2017, and using precise wavelet-based estimators to identify co-jumps, we document
approximately twice larger role of co-jumps in the U.S. market in comparison to
European market. The role of co-jumps changes dynamically over time, and we find
co-jumps to significantly inflate the correlation structure. We also document high
probability of co-jump occurrence during the announcement days using the data
about 103 FOMC and 119 ECB announcement days with the U.S. market being
more responsive to the news. Finally, we disentangle two distinct response patterns,
rotations and level shifts, of the yield curve to monetary policy announcements. Ro-
tations represents the situation in which the short and long end jump in the opposite
directions and can be interpreted as change of central bank policy preferences. Level
shifts, on the other hand, can be described as a situation in which market interprets
the news announcement as a policy surprise and as a consequence all yields across
maturities jump in the same direction. We document that approximately 30% of the
news are accompanied by level shift of the whole yield curve in both markets. On the
contrary, only 1% of announcements are interpreted by the market as an adjustment
in preferences.
2. Data
The main aim of the paper is to study the jump and co-jump behavior of interest
rate futures prices on the U.S. and European interest rate markets, as well as impact
of news announcements on the co-jumps. Here, we describe the data about the con-
tracts as well as news announcements data used in the analysis for the two separate
markets.
2.1. The U.S. Treasury bond futures contracts
The U.S. Treasury bond futures contracts are traded on the Chicago Mercantile
Exchange (CME) and comprise tick by tick data for transaction prices and volume.
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We examine (active) contracts for each benchmark tenors, i.e. 2-year, 5-year, 10-
year, and 30-year bond maturity with symbols TU, FV, TY, and US. The data
are available from Tick Data, Inc.1 Since December 18, 2006 CME offers almost
continuous trading using a Globex R©electronic platform with 23 hours trading day
from Sunday until Friday. The trading hours start at 17:00 of the previous day and
end at 16:00 U.S. Central Standard Time (CST) when the trading is interrupted
with a sixty minute break. Since introduction of the trading system dramatically
affected trading activity, we restrict our sample period to trading days extending
from January 5, 2007 through December 28, 2017.
It is interesting to look at the trading activity of the futures during different
times of the day. Trading activity is measured on one minute intervals as a total
traded volume over the whole sample. Figure 1 shows low trading activity after
CME opening hours representing the Asia session (17:00 - 2:00). With the start
of European session (2:00 - 8:00) the measured volume slightly increases and peaks
when both European and US market are actively trading. The peak is followed
by the US session with the volumes on the highest levels. From the perspective of
bond futures, by far the 10 year maturity bonds displays the largest trading activity,
followed by the 5 year bonds and the 30 year bonds respectively. Oppositely the
lowest volumes are identified for 2 year bonds which can be caused by the period of
Quantitative easing where the Federal Fund rates were at the zero lower bound.
In order to get unbiased estimates we exclude illiquid part of the 23 hour trading
hours from the analysis. We define a trading day lasting for 9 hours (7:00 - 16:00)
where 83% of all trade volume is executed and covers the main U.S. trading hours
with one hour overlap to the European session.
Moreover, weekends, U.S. federal holidays, periods between December 24 - De-
cember 26 and December 31 - January 2 and days identified as low trading days2
are removed from the dataset. The final dataset, after excluding non-trading and
low-trading days, consists of 2705 trading days. Finally, the data are synchronized
by sampling the futures prices at one minute and five minute intervals taking the
last available transaction within the interval as an observation for this time stamp.
Table 1 captures the descriptive statistics of logarithmic futures returns with one
minute and five minute frequencies used in the analysis. The average returns increase
with increasing maturity and with lower sampling frequency i.e. the largest mean
returns are obtained for bond futures with 30 year maturity with 5 minute sampling
1http://www.tickdata.com/
2Days during which trade occurs in less then 60 percent of 5 minute observations consistently
across all four US bond futures time series.
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Figure 1: Trading activity on 2 year, 5 year, 10 year, and 30 year US bond futures contracts
measured in terms of the total volume (scaled by 106 in the figure) using 1-min trading intervals
over the whole period of January 5, 2007 to December 28, 2017. Trading session used for the
analysis is shaded.
frequency. The same applies for standard deviation - with increasing maturity and
lower sampling frequency standard deviation increases.
2.2. FOMC news announcements
To study the impact of news on co-jumps on the interest rate futures market,
we consider scheduled macroeconomic announcements - The Federal Open Market
Committee (FOMC) press releases. The FOMC represents the monetary policy
decision making body of the Federal Reserve system adjusting the levels of short-term
interest rates in order to promote maximum employment, stable prices and moderate
long-term interest rates in the U.S. economy. At the end of 2007 - 2009 Financial crisis
and subsequent period, the FOMC also used the so-called “Quantitative Easing”
based on large-scale purchase of securities issued by government in order to lower
longer-term interest rates and consequently improve economic performance (Board
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1 min 5 min
2y 5y 10y 30y 2y 5y 10y 30y
Mean 0.088 0.183 0.234 0.235 0.442 0.914 1.169 1.174
Min -0.003 -0.006 -0.010 -0.013 -0.003 -0.005 -0.009 -0.014
Max 0.003 0.017 0.031 0.048 0.003 0.011 0.022 0.034
Std.Dev 0.477 1.007 1.613 2.756 0.868 2.092 3.254 5.619
Skewness -0.158 2.598 4.534 3.140 -0.029 0.604 1.046 0.563
Kurtosis 73.677 646.118 1034.078 676.523 58.108 73.181 101.843 66.028
Table 1: Descriptive statistics for the U.S. bond futures logarithmic price returns with 2, 5, 10, 30
year maturity. Descriptive statistics are shown for 1 minute and 5 minute frequency of intraday
returns (7:30 - 16:00) for the whole sample period - from January 5, 2007 to December 28, 2017.
Means are scaled by 105, and standard deviations are scaled by 103.
of Governors of the Federal Reserve System, 2016).
The Committee meets regularly eight times a year but under special circum-
stances may also hold unscheduled meetings as witnessed several times during the
recent Financial crisis. The purpose of these meetings is to review current and future
economic and financial developments. Importantly for the analysis, FOMC meetings
are held for two days but the FOMC public press conference takes place only during
the second day at 13:00 CST when the FOMC statement is also published.
The dates of FOMC meetings were obtained from the Board of Governors of
the Federal Reserve.3 We found 106 scheduled or unscheduled meetings during the
sample period January 5, 2007 - December 28, 2017 out of them 3 dates correspond
to the weekend or non-trading day and therefore were excluded. This leaves 103
FOMC announcement days used for the analysis.
2.3. The European bond futures contracts
The European bond futures contracts are traded on the Eurex exchange in Europe
- Berlin and comprise tick by tick data for transaction prices and volume. We examine
(active) contracts for each benchmark tenors, i.e. 2-year (EURO-Schatz), 5-year
(EURO-Bobl), 10-year (EURO-Bund), and 30-year (EURO-Buxl) bond maturity
with symbols BZ, BL, BN, and BX. The data are available from Tick Data, Inc.4.
The sample period we use is restricted to trading days extending from January 5,
2007 through December 28, 2017 due to the same reasons mentioned above.
3https://www.federalreserve.gov
4http://www.tickdata.com/
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Figure 2: Trading activity on 2 year, 5 year, 10 year, and 30 year European bond futures contracts
measured in terms of the total volume (scaled by 106 in the figure) using 1-min trading intervals
over the whole period of January 5, 2007 to December 28, 2017. Trading session used for the
analysis is shaded.
Trading activity measured on one minute intervals as a total traded volume over
the whole sample is shown in Figure 2. From the perspective of bond futures, by
far the 10 year maturity bonds displays the largest trading activity, followed by the
5 year bonds and the 2 year bonds respectively. Oppositely the lowest volumes are
identified for 30 year bonds. In order to get unbiased estimates we exclude illiquid
part of the trading hours from the analysis, and we define a trading day lasting for 10
hours (8:00 - 18:00) of the European time where most of all trade volume is executed
and covers the main trading hours.
Similarly to the U.S. data, we remove bank holidays, periods between December
24 - December 26 and December 31 - January 2. The final dataset consists of 2780
trading days. Finally, the data are synchronized by sampling the futures prices at
one minute and five minute intervals taking the last available transaction within the
interval as an observation for this time stamp.
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1 min 5 min
2y 5y 10y 30y 2y 5y 10y 30y
Mean 0.040 0.180 0.309 0.267 0.216 0.718 1.089 0.970
Min -0.002 -0.004 -0.015 -0.015 -0.002 -0.004 -0.015 -0.019
Max 0.002 0.004 0.014 0.014 0.003 0.005 0.014 0.018
Std.Dev 0.392 0.908 1.444 3.209 0.655 1.630 2.751 6.199
Skewness -0.269 -0.119 -0.290 -0.198 -0.141 0.002 -0.191 -0.112
Kurtosis 40.433 27.875 140.464 43.346 42.369 23.929 46.302 24.589
Table 2: Descriptive statistics for the European bond futures logarithmic price returns with 2, 5, 10,
30 year maturity. Descriptive statistics are shown for 1 minute and 5 minute frequency of intraday
returns (7:30 - 16:00) for the whole sample period - from January 5, 2007 to December 28, 2017.
Means are scaled by 105, and standard deviations are scaled by 103.
Table 2 captures the descriptive statistics of logarithmic futures returns with
one minute and five minute frequencies used in the analysis. Similarly to the U.S.
interest rate market, average returns together with standard deviation increase with
increasing maturity and with lower sampling frequency.
2.4. The ECB news announcements
Since we aim to study impact of news on co-jumps on the interest rate futures
market, we consider scheduled macroeconomic announcements - The European Cen-
tral Bank (ECB) press releases.
The decision on the key rate is published via a press release at 13:45 CET and is
further explained in a subsequent press conference starting at 14:30 CET Bibinger
et al. (2016). We take a 15 minute window after press release (13:30-13:45) and 30
minute window after 14:30 (14:30 - 15:00). Since the announcement days no more
consist only from Thursdays, we take all other days as the non-announcement days.
The dates of ECB announcement were obtained from the European Central Bank.5
Our data contain 119 ECB announcement days used for the analysis
3. Estimation of co-jumps in the interest rate futures
We start the analysis with decomposition of interest rate futures into several
components including jumps and co-jumps. The methodology we use here closely
follows our previous work, where such decomposition has been proposed based on
wavelet based estimation of quadratic covariation (Barunik and Vacha, 2018).
5https://www.ecb.europa.eu
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To set out the notation, consider the observed d−variate interest rate futures
(log) price process (Yt)t∈[0,T ] describing the ` = 1, . . . , d interest rate futures prices
with different maturities Yt = (Yt,`1 , . . . , Yt,`d)
′. The common assumption about the
observed prices is that we can decompose it into an underlying (log) price process
(Xt)t∈[0,T ] and a zero mean, finite variance i.i.d. noise term (t)t∈[0,T ] capturing
microstructure noise.
The joint dynamics of the `1, `2 ∈ {1, . . . , d} components of the latent price
process Xt can be described by
dXt,`1 = µt,`1dt+ σt,`1dBt,`1 + dJt,`1 (1)
dXt,`2 = µt,`2dt+ σt,`2dBt,`2 + dJt,`2 , (2)
where µt,`i and σt,`i are ca`dla`c stochastic processes, Bt,`i is a standard Brownian mo-
tion correlated with ρ`1,`2 = corr(Bt,`1 , Bt,`2) , and Jt,`i describes a right continuous
pure jump process for i = 1, 2. The jump process is assumed to have finite number
of jumps in a finite time interval and can be correlated.
The quadratic return covariation of the latent interest rate futures prices Xt,`1 and
Xt,`2 over the fixed period of time [0,T] can be decomposed into two parts - integrated
covariance IC`1,`2 (continuos part) and co-jump variation CJ`1,`2 (discontinuous part)
QV`1,`2 =
∫ T
0
σt,`1σt,`1d〈B`1 , B`2〉t︸ ︷︷ ︸
IC`1,`2
+
∑
0≤t≤T
∆Jt,`1∆Jt,`2︸ ︷︷ ︸
CJ`1,`2
. (3)
Note that the co-jump variation term CJ`1,`2 is non-zero only if both ∆Jt,`1 and
∆Jt,`2 are non-zero. The full quadratic covariance matrix of the interest rate futures
prices QV holds elements of IC and CJ as
QV = IC +CJ =
(
IC`1,`1 + CJ`1,`1 IC`1,`2 + CJ`1,`2
IC`2,`1 + CJ`2,`1 IC`2,`2 + CJ`2,`2
)
, (4)
where on the diagonal of the covariance matrix is quadratic variation for `1 = `2 and
the quadratic covariation for `1 6= `2 elsewhere. To study the co-jumps of interest
rate futures, we are interested to estimate both components of the Equation 4 -
continuous covariation and co-jumps.
A first step to estimate the quadratic covariation is to consider realized covariance
that can be computed over a fixed time interval [0 ≤ t ≤ T] as
Q̂V
(RC)
`1,`1
=
N∑
i=1
∆iYt,`1∆iYt,`2 (5)
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where ∆iYt,` = Yt+i/N,` − Yt+i−1/N,` is the i-th intraday return over the time interval
[0, T]. The realized covariance estimator consistently estimates the quadratic covari-
ation provided that the processes are not contaminated with microstructure noise
i.e. covariation associated with (Yt,`1 , Yt,`2) (Andersen et al., 2003; Barndorff-Nielsen
and Shephard, 2004). Since we are interested in covariance associated with (Xt,`1 ,
Xt,`2), we need to apply estimators capable of recovering the covariation of the la-
tent process. For this, Barunik and Vacha (2018) propose to combine the two-scale
covariance estimation using subsampling of the returns (Zhang, 2011) with wavelet
decomposition to recover co-jumps.
To localize the co-jumps in the interest rate futures prices precisely, we use the
frequency domain tools. Assuming the finite number of jumps in the process, and
building on the results of Fan and Wang (2007) about the ability of wavelets to pre-
cisely detect jumps in deterministic functions, Barunik and Vacha (2018) generalize
this result to a continuous time setting. They first decompose the process to frequen-
cies, and then use the highest frequency to detect sharp discontinuities in the process
without being influenced by other components. Hence, the estimator of Barunik and
Vacha (2018) is able to distinguish between continuous and discontinuous parts of
the stochastic price process precisely.
The co-jump variation associated with (Xt,`1 , Xt,`2) over [0 ≤ t ≤ T ] is estimated
in the discrete synchronized time as sum of co-jumps
ĈJ `1,`2 =
N∑
i=1
∆iJt,`1∆iJt,`2 , (6)
with jump size at intraday position i ∆iJt,` being estimated as
∆iJt,` = (∆iYt,`)1|W`1,k|>ξ, (7)
where W`1,k represents the intraday wavelet coefficient at the first scale6 and ξ is
the jump threshold. As a threshold ξ we use the universal threshold introduced
by Donoho and Johnstone (1994) and used by Barunik and Vacha (2018) with the
intraday median absolute deviation estimator of standard deviation adapted for the
MODWT coefficients7 in the following form:
ξ =
√
2 median{|W`1,k|}
√
2logN/0.6745. (8)
6Since we estimate the quadratic covariation on discrete data, we use a non-subsampled version
of a discrete wavelet transform, more specifically, the maximal overlap discrete wavelet transform
(MODWT). A brief introduction of the discrete wavelet transform and MODWT can be found in
Appendix B.1.
7For details, see Percival and Walden (2000). As we use the MODWT filters, we must slightly
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If the absolute value of an intraday wavelet coefficient exceeds the threshold ξ, then
the jump will be estimated at position k. In other words, the noise and the continuous
part are relatively small, and hence, the dominance of W`1,k results from a discon-
tinuous jump. Then, a co-jump occurs only if both jumps in process (Xt,`1 , Xt,`2)
occur simultaneously. Since the jumps and co-jumps are estimated consistently (Fan
and Wang, 2007; Barunik and Vacha, 2018), the co-jump variation matrix associated
with (Xt,`1 , Xt,`2) has following form:
ĈJ =
(
ĈJ `1,`1 ĈJ `1,`2
ĈJ `2,`1 ĈJ `2,`2
)
. (9)
3.1. Jump wavelet covariance estimator
Using the time synchronized, jump–adjusted interest rate futures price process
Y
(J)
t,` = Yt,` − ĈJ `,`, Barunik and Vacha (2018) propose the estimator of continuous
part of quadratic covariation that is robust against noise, and hence obtain full
decomposition of the covariation matrix from the observed data. In addition, one can
use the estimator of Barunik and Vacha (2018) to further decompose the covariation
into time scales and study behavior of the quantities at different investment horizons.
Since we are interested solely in co-jumps, we leave the discussion of the details to
an interested reader.
Jump wavelet covariance estimator (JWC) of the integrated covariance of the
bond futures return process (Xt,`1 , Xt,`2) ∈ L2(R) over the fixed time interval [0 ≤
t ≤ T ] can be estimated from the time-synchronized jump-adjusted price process
(Y
(J)
t,`1
, Y
(J)
t,`2
) as
ÎC
(JWC)
`1,`2
=
Jm+1∑
j=1
cN
(
ÎC
(G,J)
`1,`2
(j)− nG
nS
ÎC
(WRC,J)
`1,`2
(j)
)
, (10)
where cn is a constant that can be tuned for small sample precision, nG = (N −
G + 1)/G and nS = (N − S + 1)/S. Similar to Barunik and Vacha (2018) we use
cn = 1 and S = 1, thus nS = N . G parameter can be optimized based on number of
intraday observations, more details can be found in Zhang (2011).
Note the estimator consists of two parts. The first is the averaged version of
the realized covariance (Equation 5) for a specific wavelet scale j on a grid size of
correct the position of the wavelet coefficients to obtain the precise jump position; see Percival and
Mofjeld (1997).
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n = N/G:
ÎC
(G,J)
`1,`2
(j) =
1
G
G∑
g=1
N∑
k=1
W`1j,kW`2j,k, (11)
where the wavelet coefficients are estimated on the jump-adjusted process ∆Y
(J)
t,` =
(∆1Y
(J)
t,` , . . . ,∆NY
(J)
t,` ).
The second part represents the part of the estimator from Equation 5 correspond-
ing to a wavelet scale j :
ÎC
(WRC,J)
`1,`2
(j) =
N∑
k=1
W`1j,kW`2j,k, (12)
As discussed in Barunik and Vacha (2018), the estimator converges in probability
to the integrated covariance ÎC
(JWC)
`1,`2
p→ IC`1,`2 . For the `1 = `2, we obtain integrated
variances, and hence the final estimate of the full integrated covariance matrix:
ÎC
(JWC)
=
(
ÎC
(JWC)
`1,`1
ÎC
(JWC)
`1,`2
ÎC
(JWC)
`2,`1
ÎC
(JWC)
`2,`2
)
. (13)
4. The role of co-jumps in the U.S. and European interest rate futures
markets
The primary aim of this work is to shed light on the role of jumps and mainly
co-jumps in the U.S. and European interest rate futures markets. In the subsequent
sections, we will use the wavelet based techniques outlined above to identify co-jumps
and discuss their role in the covariation of the yield curve first. Then, we will examine
impact of news announcements on the co-jumps. Having high frequency data about
both interest rate markets, we will also aim to document similarities and differences
in the role of co-jumps for the two distinct markets.
4.1. Exact co-jump detection
A last step in detecting co-jumps is to consider bootstraping due to unknown
distribution of the estimates. Bootstrapping of realized measures can significantly
improve the finite sample properties of the jump (Dovonon et al., 2014) and co-jump
tests.
The main effort in the estimation is to recover co-jumps from the observed, noisy
data. To do so, we can compare continuous covariation estimates with the estimate
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of whole quadratic covariation, and considering estimation error of both estimators, a
standard Hausman-type test statistics can be constructed to test the null hypothesis
of no jumps and co-jumps at a given day. In a univariate setting, Barunik et al.
(2016) bootstrap this type of statistic for jump detection, Barunik and Vacha (2018)
further extend the strategy to co-jumps.8
Being able to identify days that have significant co-jump components, next step
is to determine whether the reason why the null hypothesis of no co-jumps was
rejected is because of the presence of co-jump(s) or, alternatively, because of the
occurrence of large idiosyncratic (disjoint) jump(s). Gnabo et al. (2014) show that
large idiosyncratic jumps may inflate the test statistic, and thus, co-jumps may be
falsely detected. Therefore, there are basically two possible reasons why the null
hypothesis was rejected:
1. Co-jumps: t ∈ [0, T ]: ∆iJt,`1∆iJt,`2 6= 0, i.e., the process is not exactly zero.
2. Disjoint jumps: t ∈ [0, T ]: the processes ∆iJt,`1 and ∆iJt,`2 are not both zero
(at least one of them), but ∆iJt,`1∆iJt,`2 = 0.
An advantage of our approach is that the exact jump position is obtained by
the wavelet analysis; hence, we can successfully eliminate the false co-jump situation
caused by high idiosyncratic jump(s). Furthermore, because we know the directions
of the jumps, we can distinguish between co-jumps that occur with jumps of the
same or different direction on day t.
4.2. Co-jump variation
We begin the empirical analysis with estimation of covariance matrix for all 2
year - 5 year, 2 year - 10 year, 2 year - 30 year, 5 year - 10 year, 5 year - 30 year,
and 10 year - 30 year pairs for both U.S. and European interest rate futures markets,
and decompose the covariance into continuous part and co-jumps variation using the
jump wavelet covariance estimator.
Table 3 documents behavior of co-jumps at both markets. We document sub-
stantially higher co-jumps activity in the U.S. market in comparison to European
market, since number of days with significant co-jumps as well as ratio of co-jump
variation to total variation showing role of the co-jumps in the covariance is more
than doubled in most pairs.
The longer end of the yield curve with 5 year - 10 year and 5 year - 30 year pairs
seem to be most influenced in both markets. In the U.S. market, significant co-jumps
were estimated in 444 and 365 out of total 2705 days for the two pairs respectively.
8Technical details are given in Appendix B.2.
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U.S.
2y - 5y 2y - 10y 2y - 30y 5y - 10y 5y - 30y 10y - 30y
Days with CJ6= 0 235 201 163 444 365 347
QV 0.00379 0.00508 0.00689 0.01771 0.02579 0.04478
% CJ/QV 3.97 3.41 3.32 5.86 7.11 4.32
Europe
2y - 5y 2y - 10y 2y - 30y 5y - 10y 5y - 30y 10y - 30y
Days with CJ6= 0 144 102 60 217 145 240
QV 0.00327 0.00430 0.00587 0.01527 0.02244 0.04807
% CJ/QV 1.84 1.40 0.87 2.31 1.58 2.02
Table 3: Co-jump statistics: Number of days with co-jumps, quadratic covariation (QV), and the
average daily ratio of co-jump variation to quadratic covariation (% CJ/QV).
In the European market, we document highest jump activity in the 5 year - 10 year
and 10 year - 30 year pairs, specifically, 217 and 240 out of total 2780 trading days.
Looking at the shorter end of the curve, 2 year contract co-jumps mostly with the 5
year contact, and co-jumps activity slightly decreases with increasing maturity being
lowest for the 2 year - 30 year pair logically.
Table 3 further documents role of the co-jumps in the total covariation. While
we document approximately twice larger role of co-jumps in the U.S. market in
comparison to European market, co-jumps play also twice larger role between longer
end of the curves in comparison to shorter end.
4.3. Time dynamics of co-jump variation
It is also interesting to look at the evolution of co-jumps in time. Figures 3
and 4 document number of co-jumps in the U.S. and European market during the
estimation period respectively.
In addition to the previous results, Figure 3 show that co-jumping activity of
the U.S. 2 year contract with other contracts varies substantially in time. At the
beginning of the sample activity was similar to the rest of pairs, while we document
almost no co-jumps in the 2012 - 2013 period with slight rebound of the activity
in the second half of the studied period. Possible explanation of this behavior is
quantitative easing by FED. Activity of the rest of the pairs seems more stable over
time. Situation with European contracts is similar, with lower activity for 2 year
contract with other contracts in the second half of the studied period (Figure 4).
In addition, it is interesting to look at the evolution of the covariation and co-
jumps. Figures A.7, A.8, A.9, and A.10 in the Appendix A show the decomposition
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Figure 3: Number of co-jumps for all U.S. pairs during the period under study.
for the U.S. and European markets respectively. The evolution of the covariance over
time reveals that all parts of the covariance matrix were exposed to increase during
the financial crisis of 2007-2009 (highlighted in gray) for both markets. Further,
European market was exposed to a large increase in correlations during 2011 in all
pairs. This could be attributed to a Greek sovereign debt markets falling into severe
stress before this period that caused to spread the crisis to other countries. Finally,
the 10 year - 30 year pair documents rise during 2015 that could be attributed to a
recovery from the crisis.
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Figure 4: Number of co-jumps for all European pairs during the period under study.
4.4. Impact of co-jumps on correlation structure
Having precise decomposition of the quadratic variation, it is tempting to see
how co-jumps impact the correlation structure of the yield curve. Total correlation
defined as quadratic covariance normalized by volatilities of the two processes will be
decreasing with increasing impact of idiosyncratic jumps, while increasing with the
presence of co-jumps as discussed by (Barunik and Vacha, 2018). To study the influ-
ence of co-jumps on the correlation structure, we compare the correlations estimated
using quadratic variation (containing all information) and correlation estimated us-
ing integrated covariance (excluding jumps and co-jumps). Estimates are available
in the Table A.7 in the Appendix A. If the two will be statistically indistinguishable,
then co-jumps will not play significant role in the correlation structure.
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Hence, we aim to test the null hypothesis H0 : ĉorr
QV
T − ĉorrICT = 0 by running a
simple regression
ĉorrQVT = α + βĉorr
IC
T + T , (14)
with i.i.d. error with constant variance. In case α = 0 and β = 1 jointly, we are not
able to reject the equality of correlations with and without co-jumps. Furthermore,
we pay special attention to constant coefficient α from the regression since a positive
α would imply that the occurence of co-jumps plays an important role in total cor-
relations. Conversly, negative α would imply that idiosyncratic jumps have a larger
impact on total correlations than co-jumps.
The U.S. market
2y - 5y 2y - 10y 2y - 30y 5y - 10y 5y - 30y 10y - 30y
α 0.193 0.195 0.232 0.846 0.543 0.753
β 0.786 0.758 0.632 0.115 0.369 0.186
R2 0.629 0.614 0.494 0.100 0.262 0.153
European market
2y - 5y 2y - 10y 2y - 30y 5y - 10y 5y - 30y 10y - 30y
α 0.242 0.184 0.189 0.734 0.275 0.319
β 0.721 0.758 0.683 0.204 0.683 0.666
R2 0.575 0.589 0.518 0.140 0.589 0.662
Table 4: The table shows the estimated coefficients from the regression ĉorr
QV
T = α+βĉorr
IC
T + T .
The null hypothesis of joint insignificant difference of α from zero and β from one is rejected in all
cases using Wald test with heteroscedasticity consistent White’s covariance estimator.
Table 4 shows the estimation results for both markets and reveals that co-jumps
seem to be a significant part of total correlations. Whereas both U.S. and European
markets show similar results except the 5 year - 10 year and 10 year - 30 year futures,
co-jumps impact correlation structure much heavily in the long end of the yield
curves, although short end of the curve also shows significant increase of correlations
due to co-jumps.
4.5. Effect of news announcements on co-jumps
In the previous section, we have documented significant role of co-jumps in the
U.S. and European interest rates futures market, with long end of the curves having
more co-jumps activity. Next, we would like to connect this activity to the news
announcements.
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Scheduled macroeconomic news announcement causing jumps and co-jumps of
the yield curve imply significant unexpected changes in the economic behavior or
monetary policy. Balduzzi et al. (1997), Balduzzi et al. (2001), Piazzesi (2005),
Dungey et al. (2009), Lahaye et al. (2011) and Dungey and Hvozdyk (2012) document
a negative relationship between news surprises and bond returns. The strongest effect
is found when news about non-farm payrolls are released followed by output, and
inflation announcements. In addition, the size of the effect differs across maturities
and the effect is increasing with the bond’s maturity. This is consistent with the
higher volatility of bonds at the long end of the yield curve.
Dungey et al. (2009) further document that two thirds of the co-jumps in the yield
curve structure coincide with the scheduled US news release. Moreover, according to
Dungey and Hvozdyk (2012) the probability of co-jump occurrence increases with the
scheduled macroeconomic news announcement. However, the research is still limited
and search for the sources of the co-jumps continues since not all news surprises
generate co-jump and conversely not all co-jumps in the term structure are connected
with the news surprise.
Figure 5 show distribution of co-jumps during the trading session. Note the
largest amount of co-jumps between U.S. interest rate futures happens during 7:30-
8:00 CST linked to higher trading volume. Second peak is between 13:00 and 13:30
CST, around the FOMC press releases scheduled at 13:00 CST. Similarly in the
European market, as shown by Figure 6, most of the co-jump activity is at 14:30
- 15:00 CEST, around the ECB announcements. The decision on the key rate is
published via press release at 13:45 CET and is further explained at a press conference
starting at 14:30 CET, see 2.3.
To test the hypothesis that co-jumps are connected with news announcements, we
estimate a simple regression in which we explain probability of co-jump occurrence by
a scheduled press release. In case of the U.S. market, we use FOMC press releases,
and take 30 minute time window following the announcement, with 103 FOMC
announcement days in the data. In the European market, we use ECB press releases,
and take 15 minute window after the press release, and 30 minute window after the
conference as suggested by Bibinger et al. (2016), with 113 ECB announcement days.
We run a regression
Pr{ĈJT 6= 0|newsT} = Λ(θ), (15)
where Λ(θ) is a logistic function with θ = β0 + β1newsT , modeling probability of
co-jump conditional on the news. H0 : β1 = 0 tests the hypothesis that news do not
influence co-jumps.
Table 5 summarizes the results from estimation. Since both coefficients are sig-
nificantly different from zero, probability of jump occurrence is different from 0.5.
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Figure 5: Distribution of the U.S. interest rate futures co-jumps during the trading session.
Negative β0 points to probability of co-jump occuring in days without scheduled
announcement is below 0.5. The more negative value of the β0, the smaller the prob-
ability is. Positive significant β1 identifies increase in probability of co-jump in case
of the news.
Looking at the results from the U.S. market, we can see significant impact of the
scheduled FOMC press releases on co-jump occurrence in the 30 minute window after
the news release with highest impact on 2 year - 5 year pair, and slightly declining
in maturities.
As for the European market, ECB news releases seem to have much weaker
influence on the co-jumps influence, with highest influence at 2 year - 5 year pair
again, but dramatically lower explanatory power in comparison to the U.S. market.
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Figure 6: Distribution of the European interest rate futures co-jumps during the trading session.
Importantly, we also run the models explaining probability of the co-jumps in
three contracts, and finally in the whole curve. Table 5 documents significant impact
of the FOMC announcements on the U.S. interest rate futures even in the case of
multi-jumps. Similar, but weaker efect is also documented in the European market.
This means that news announcements in both markets have significant impact on
the whole yield curve.
4.6. Level shift vs. rotation of the yield curve
Connecting the news with co-jumps, it is interesting to deeper look at the reaction
of the yield curve on the news. Generally, there are two possible reactions of the
yield curve to market changes - level shift and rotation of the yield curve (Bibinger
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FOMC and the U.S. market
2y - 5y 2y - 10y 2y - 30y 5y - 10y 5y - 30y 10y - 30y
β0 -5.782 -5.782 -6.253 -5.024 -5.558 -5.462
β1 5.203 4.985 4.700 4.570 4.893 4.665
R2 0.469 0.433 0.366 0.380 0.425 0.389
2y - 5y - 10y 5y - 10y - 30y 2y - 5y - 10y - 30y
β0 -6.764 -6.070 -5.782
β1 4.829 4.932 4.644
R2 0.364 0.412 0.375
ECB and European market
2y - 5y 2y - 10y 2y - 30y 5y - 10y 5y - 30y 10y - 30y
β0 -3.997 -4.208 -4.787 -3.424 -3.822 -3.318
β1 3.081 2.609 2.015 2.336 1.723 1.658
R2 0.157 0.099 0.044 0.075 0.032 0.030
2y - 5y - 10y 5y - 10y - 30y 2y - 5y - 10y - 30y
β0 -4.234 -4.018 -4.989
β1 2.510 1.831 1.863
R2 0.089 0.037 0.034
Table 5: Co-jumps and news announcement. All reported coefficients are statistically different from
zero at 1% level of significance.
et al., 2016; Dungey et al., 2009; Ellingsen and So¨derstro¨m, 2001). With this respect,
literature has studied a monetary policy rule proposed by Taylor (1993)
∆rt = λ∆pit + (1− λ)∆yt, λ ∈ [0, 1], (16)
which represents reaction function of a central bank. Equation 16 explains the rela-
tionship between the change of interest rate ∆rt as a function of change of inflation
expectations ∆pit and change in output ∆yt, where λ is the preference parameter of
central bank assigning the relative importance to each of the macroeconomic vari-
ables. The interpretation of the Taylor rule is straightforward - with increasing
inflation or increasing output, central banks proportionally to λ, 1− λ respectively,
increase the interest rate.
Two possible sources of policy surprise can be identified from equation Equa-
tion 16 (Bibinger et al., 2016; Ellingsen and So¨derstro¨m, 2001). First, any macroeco-
nomic news captured by ∆pit and ∆yt that impacts the bond prices should affect all
maturities and co-jump across the whole structure should be observed - level shift of
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the yield curve (endogenous monetary policy). Second, according to liquidity prefer-
ence theory of the long term structure the long term bond returns are higher as they
reflect higher liquidity risk premium given their longer maturity. Thus, any change
in the preference parameter λ reflecting the changes of the central bank monetary
policy preferences causes short and long end of the yield curve to move in opposite
direction - rotation of yield curve (exogenous monetary policy).
With information asymmetry about the shocks to the economy the market in-
terest rate will be positively correlated with the interest rate set by a central bank.
Therefore, positive inflationary shock, representing the increase in current inflation
and output (monetary tightening), increases inflation expectations across all matu-
rities. Thus, the entire yield curve shift upwards. For a negative inflationary shock,
representing the decrease in current inflation and output (monetary expansion), the
yield curve shifts downwards.
The response of the interest rate to unexpected change in the central bank pref-
erences is captured by the parameter λ. After the shock hits the economy, market
participants expect central bank to behave according to the Equation 16. When cen-
tral bank responds unexpectedly it leads market participants to permanently change
their expectations about the preference parameter λ. Thus, if central bank sets
higher interest rate than expected, the market will adjust their expectations think-
ing central bank has become more inflation averse - decrease λ. This would lead to
rising short-term interest rates but falling long-term rates.
Increasing λ implies increasing preference of stable output over inflation close
to target. This results in higher shock persistence of the long term interest rate
as the central bank rate is expected to deviate from the initial level for a longer
period. Therefore, central banks with higher preference parameter will experience
larger effect on long-term end of the yield curve.
Moreover, Dungey et al. (2009) and Balduzzi et al. (1997) remark that the trading
activity on the short end of the yield curve might be higher, as there is higher
liquidity on the market which attracts more speculators in comparison with the long
term maturity markets. As a consequence the changes in monetary policy mainly
influence the short end of the yield curve. Thus, the jumps might occur more often
in the short end of the yield curve. Iinterestingly, this is not confirmed in our data
as discussed earlier.
4.7. The level shifts and rotations of the yield curve
The ability to identify days where the null hypothesis is rejected because of the
presence of idiosyncratic jumps and significant co-jumps helps us in the analysis
of level shifts and rotations of the term structure. Since we are able to identify the
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days where only co-jumps play significant role, we are able to build on Bibinger et al.
(2016)’s level shifts and rotation hypothesis and study the direction of the co-jump
within the intraday directly.
R ↑ LS ↓ LS Days CJ 6=0
# % # % # % # %
FOCM announcement days
2y - 5y 1 0.94 19 17.92 16 15.09 37 34.91
2y - 10y 1 0.94 17 16.04 14 13.21 32 30.19
2y - 30y 1 0.94 9 8.49 7 6.60 18 16.98
5y - 10y 0 0 20 18.87 20 18.87 40 37.74
5y - 30y 1 0.94 15 14.15 19 17.92 35 33.02
10y - 30y 1 0.94 15 14.15 16 15.09 32 30.19
2y - 5y - 10y 2 1.89 12 11.32 11 10.38 25 23.58
5y - 10y - 30y 3 2.83 12 11.32 10 9.43 25 23.58
2y - 5y - 10y - 30y 2 1.88 6 5.66 5 4.72 13 12.26
non - announcement days
2y - 5y 0 0 5 0.19 3 0.12 8 0.31
2y - 10y 0 0 4 0.15 4 0.15 8 0.31
2y - 30y 0 0 3 0.12 2 0.08 5 0.19
5y - 10y 0 0 6 0.23 11 0.42 17 0.65
5y - 30y 0 0 4 0.15 6 0.23 10 0.38
10y - 30y 0 0 6 0.23 5 0.19 11 0.42
2y - 5y - 10y 0 0 3 0.12 3 0.12 6 0.23
5y - 10y - 30y 0 0 4 0.15 4 0.15 8 0.31
2y - 5y - 10y - 30y 0 0 2 0.08 1 0.04 3 0.12
ECB announcements days
2y - 5y 0 0 16 13.45 18 15.13 34 28.57
2y - 10y 0 0 9 7.56 11 9.24 20 16.81
2y - 30y 0 0 1 0.84 6 5.04 7 5.88
5y - 10y 0 0 12 10.08 18 15.13 30 25.21
5y - 30y 0 0 5 4.20 8 6.72 13 10.92
10y - 30y 0 0 8 6.72 11 9.24 19 15.97
2y - 5y - 10y 0 0 7 5.88 11 9.24 18 15.13
5y - 10y - 30y 1 0.84 5 4.20 6 5.04 12 10.08
2y - 5y - 10y - 30y 0 0 1 0.84 4 3.36 5 4.20
non - announcements days
2y - 5y 0 0 24 0.90 24 0.90 48 1.80
2y - 10y 0 0 20 0.75 19 0.71 39 1.47
2y - 30y 0 0 10 0.38 12 0.45 22 0.83
5y - 10y 0 0 41 1.54 43 1.62 84 3.16
5y - 30y 0 0 30 1.13 27 1.01 57 2.14
10y - 30y 4 0.15 50 1.88 35 1.32 93 3.49
2y - 5y - 10y 3 0.11 16 0.60 19 0.71 38 1.43
5y - 10y - 30y 2 0.08 25 0.94 20 0.75 47 1.77
2y - 5y - 10y - 30y 0 0 7 0.26 11 0.41 18 0.68
Table 6: Level shifts and rotations. R - rotation, LS - level shift
The level shift hypothesis can be formalized as a situation in which jumps of the
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same direction are identified simultaneously on the short end and long end of the
yield curve. This co-jump estimated over [0 ≤ t ≤ T] from Equation 6 leads to a
parallel shift of the yield curve:
ĈJ
(i,t)
`1,`2
= ∆iJt,`1∆iJt,`2 > 0. (17)
Two types of parallel shifts can be present. Upward shift occurs if both jumps are
positive ∆iJt,`1 > 0 ∆iJt,`2 > 0 and vice versa if both jumps are negative ∆iJt,`1 < 0
∆iJt,`2 < 0 yield curve shifts downwards.
To the opposite, rotation of the yield curve occurs when both, short and long,
ends of the yield curve simultaneously jump in the opposite direction, i.e. if the signs
of jumps are of the opposite sign:
ĈJ
(i,t)
`1,`2
= ∆iJt,`1∆iJt,`2 < 0. (18)
Table 6 show results for the level shifts and rotations identified from data using
bootstrap. We focus on rotation and level shifts during the announcement days at
both markets, but we also collect information about movement of the curve in a
non-announcement days.
Looking at the representative 2 year - 10 year pair, we identify 32 days with sig-
nificant co-jumps in the sample of 103 FOMC press release days. Only one occasion
happened to be a negative co-jump implying the market interpreted the announce-
ment as a change in FED policy preferences. This co-jump is associated with March
18, 2008 FED decision to cut the federal fund rates by 0.75 percentage points to
further support the growth during the crisis. The rest of the identified co-jumps was
positive indicating 31 days at which the yield significantly shifted its level. These
days are viewed by market as a policy surprise informing about the current and fu-
ture state of the US economy. We document 17 positive policy surprise days resulting
in upward shift, and 14 negative inflationary shocks resulting in downward shift
To emphasize the importance of co-jumps, we also collect frequency of rotations
and level shifts on non-announcement days, that is the rest of the sample. To ensure
consistency of the results, the co-jump activity is examined during the sample period
as in the announcement days. Looking at the 2 year - 10 year pair, we only document
only 8 days out of the 2602 non-announcement days.
Looking at the rest of the maturities at the U.S. market, we can see a consistent
pattern of the FOMC news impacting all pairs similarly. The most interesting is the
result for all four contracts. We document 13 days in which the whole curve moves
during the announcement. The curve rotates in two occasions, shifts upwards in six
occasions, and shifts downwards in the five days. The rest of the non-announcement
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days sample shows only 3 out of 2602 days with significant shift of the curve not
associated with news.
Turning our attention to the European market, we can see the results are similar
during the announcement days, with less movement at far end of the curve. The
whole curve moves only 5 times during the announcement days. In contrast to the
U.S. market, we document much higher number of non-announcement days suggest-
ing that movement of the curve is also associated with other events, although the
number of days is still very small, since the sample contains 2661 non-announcement
days. The results are also consistent with Bibinger et al. (2016) who report the sim-
ilar results for the effect of ECB policy announcements on 2 year - 10 year German
bond futures.
5. Conclusion
In this paper, we study the role of co-jumps in the U.S. and European interest
rate futures markets using precise wavelet based localization techniques.
We document the importance of co-jumps in both markets, its time dynamics,
and impact on the covariance structure of the interest rate market. We also document
high probability of co-jump occurrence during the announcement days using the data
about announcement days. Further, we show that approximately 30% of the news
are accompanied by level shift of the whole yield curve in both markets. On the
contrary, only 1% of announcements are interpreted by the market as an adjustment
in preferences.
For these reasons, quantitative models should take the role of jumps and co-jumps
into consideration when evaluating the trade opportunities. Similarly, policy making
entities should account for these discrepancies in yield curve as well as it should be
in their best interest to set the appropriate monetary policy to ensure their targets
are met. Last but not least, academic researches ought to take a keen interest in the
subject as understanding the effect of monetary policy on real economy was always
one of the topic attracting attention.
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Appendix A. Supplementary Tables and Figures
U.S.
2y - 5y 2y - 10y 2y - 30y 5y - 10y 5y - 30y 10y - 30y
Total correlation 0.813 0.752 0.637 0.959 0.850 0.921
Continuous correlation 0.731 0.682 0.590 0.894 0.783 0.853
Correlation difference 0.054 0.048 0.036 0.059 0.059 0.065
Europe
2y - 5y 2y - 10y 2y - 30y 5y - 10y 5y - 30y 10y - 30y
Total correlation 0.836 0.714 0.553 0.923 0.764 0.858
Continuous correlation 0.782 0.670 0.517 0.859 0.677 0.771
Correlation difference 0.039 0.035 0.036 0.056 0.079 0.068
Table A.7: Median of the total correlation, continuous correlation, and their differences for both
markets.
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Figure A.7: U.S. interest rates market: Decomposition of the covariation for the 2 year - 5 year,
2 year - 10 year, and 2 year - 30 year pairs. Continuous correlation in gray with a 21-day moving
average in black (left column), integrated covariance (middle column), and co-jumps (right column)
estimated by jump wavelet covariance estimator. The 2007 – 2008 crisis period is shaded.
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Figure A.8: U.S. interest rates market: Decomposition of the covariation for the 5 year - 10 year,
5 year - 30 year, and 10 year - 30 year pairs. Continuous correlation in gray with a 21-day moving
average in black (left column), integrated covariance (middle column), and co-jumps (right column)
estimated by jump wavelet covariance estimator. The 2007 – 2008 crisis period is shaded.
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Figure A.9: European interest rates market: Decomposition of the covariation for the 2 year - 5
year, 2 year - 10 year, and 2 year - 30 year year pairs. Continuous correlation in gray with a 21-day
moving average in black (left column), integrated covariance (middle column), and co-jumps (right
column) estimated by jump wavelet covariance estimator. The 2007 – 2008 crisis period is shaded.
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Figure A.10: European interest rates market: Decomposition of the covariation for the 5 year - 10
year, 5 year - 30 year, and 10 year - 30 year pairs. Continuous correlation in gray with a 21-day
moving average in black (left column), integrated covariance (middle column), and co-jumps (right
column) estimated by jump wavelet covariance estimator. The 2007 – 2008 crisis period is shaded.
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Appendix B. Mathematical Appendix
Appendix B.1. Discrete wavelet transform
Here, we briefly introduce a discrete version of the wavelet transform. We use
a special form of the discrete wavelet transform called the maximal overlap dis-
crete wavelet transform (MODWT). We demonstrate the application of the discrete-
type wavelet transform on a stochastic process using the pyramid algorithm (Mallat,
1998). This method is based on filtering time series (or stochastic process) with
MODWT wavelet filters and then filtering the output again to obtain other wavelet
scales. Using the MODWT procedure, we obtain wavelet and scaling coefficients that
decompose analyzed stochastic processes into frequency bands. Ror more details
about discrete wavelet transforms and their applications, see Percival and Mofjeld
(1997), Percival and Walden (2000), and Genc¸ay et al. (2002).
The pyramid algorithm has several stages, and the number of stages depends
on the maximal level of decomposition Jm. Let us begin with the first stage. The
wavelet coefficients at the first scale (j = 1) are obtained via the circular filtering of
time series Yt,` using the MODWT wavelet and scaling filters h1,l and g1,l (Percival
and Walden, 2000) :
W`1,t ≡
L−1∑
l=0
h1,lY(t−l modN),` V`1,t ≡
L−1∑
l=0
g1,lY(t−l modN),`. (B.1)
In the second step, the algorithm uses the scaling coefficients V`1,t instead of Yt,`. The
wavelet and scaling filters have a width Lj = 2
j−1 (L− 1) + 1. After filtering, we
obtain the wavelet coefficients at scale j = 2:
W`2,t ≡
L−1∑
l=0
h2,lV`(1,t−l modN) V`2,t ≡
L−1∑
l=0
g2,lV`(1,t−l modN). (B.2)
The two steps of the algorithm create two vectors of the MODWT wavelet coefficients
at scales j = 1 and j = 2; W`1,t,W`2,t and a vector of the MODWT wavelet scaling
coefficients at scale two V`2,t that is subsequently used for further decomposition.
The vector W`1,t represents the wavelet coefficients that reflect the activity at the
frequency bands f [1/4, 1/2], W`2,t: f [1/8, 1/4] and V`2,t: f [0, 1/8].
The transfer function of the wavelet filter hl : l = 0, 1, . . . , L− 1, where L is the
width of the filter, is denoted as H(.). The pyramid algorithm exploits the fact that
if we increase the width of the filter to 2j−1 (L− 1) + 1, the filter with the impulse
response sequence has the form:
{h0, 0, . . . , 0︸ ︷︷ ︸
2j−1−1 zeros
, h1, 0, . . . , 0︸ ︷︷ ︸
2j−1−1 zeros
, hL−2, 0, . . . , 0︸ ︷︷ ︸
2j−1−1 zeros
, hL}, (B.3)
35
and a transfer function defined as H (2j−1f). Then, the pyramid algorithm takes on
the following form:
W`j,t ≡
L−1∑
l=0
hlV`(j−1,t−2j−1l modN) t= 0, 1, . . . ,N− 1, (B.4)
V`j,t ≡
L−1∑
l=0
glV`(j−1,t−2j−1l modN) t= 0, 1, . . . ,N− 1, (B.5)
where in the first stage, we set Yt = V`0,t. After applying the MODWT, we obtain
j ≤ Jm ≤ log2(N) vectors of wavelet coefficients and one vector of scaling coef-
ficients. The j-th level wavelet coefficients in vector W`j,t represent the frequency
bands f [1/2j+1, 1/2j], whereas the j-th level scaling coefficients in vector V`j,t repre-
sent f [0, 1/2j+1]. In our analysis, we use the MODWT with the Daubechies wavelet
filter D(4) and reflecting boundary conditions.
Appendix B.2. Bootstrapping the co-jumps
Under the null hypothesis of no jumps and co-jumps in the (Yt,`1 , Yt,`2) process,
H0 : Q̂V (RC)`1,`2 − ÎC
(JWC)
`1,`2
= 0 (B.6)
HA : Q̂V (RC)`1,`2 − ÎC
(JWC)
`1,`2
6= 0. (B.7)
We propose a simple test statistic that can be used to detect significant co-jump
variation. If a significant difference exists between the quadratic covariation and
integrated covariance, then it is highly probable that we will observe a co-jump
variation, possibly because of co-jump(s) or large disjoint jump(s). In this case, the
H0 is rejected for its alternative.
When the null hypotheses of no jumps holds, Q̂V
(RC)
`1,`2
− ÎC(JWC)`1,`2 is asymptotically
independent from Q̂V
(RC)
`1,`2
conditional on the volatility path, and we can use two
independent random variables to set the Hausman-type statistics to test for the
presence of jumps. We proceed by scaling Q̂V
(RC)
`1,`2
− ÎC(JWC)`1,`2 by the difference in
the variances of both estimators, which we obtain using a bootstrap procedure.
Under the null hypothesis of no jumps and co-jumps, we generate i intraday re-
turns (r∗i,`1 , r
∗
i,`2
) with integrated covariance determined based on empirical estimates
36
as
r∗i,`1 =
√
1
N
ÎC
(JWC)
`1,`1
ηi,`1 (B.8)
r∗i,`2 =
√
1
N
ÎC
(JWC)
`2,`2
(
ρ̂`1,`2ηi,`1 +
√
1− ρ̂2`1,`2ηi,`2
)
, (B.9)
(B.10)
with ρ̂`1,`2 being the correlation obtained from the ÎC
(JWC)
matrix, and ηi,`1 ∼
N (0, 1) and ηi,`2 ∼ N (0, 1). Now, we use (r∗i,`1 , r∗i,`2) to compute Q̂V
(RC)∗
`1,`2
and
ÎC
(JWC)∗
`1,`2
. Generating b = 1, . . . , B realizations, we obtain Z∗ = (Z(1),Z(2), . . . ,Z(B))
as
Z∗ = Q̂V
(RC)∗
`1,`2
− ÎC(JWC)∗`1,`2
Q̂V
(RC)∗
`1,`2
. (B.11)
which can be used to construct a bootstrap statistic to test the null hypothesis of no
co-jumps as
Z =
Q̂V
(RC)
`1,`2
−ÎC(JWC)`1,`2
Q̂V
(RC)
`1,`2
− E(Z∗)√
V ar(Z∗) ∼ N (0, 1). (B.12)
The bootstrap expectation and variance depend on the data. We rely on the as-
sumptions of Dovonon et al. (2014). Thus, by identifying days when the co-jump
component is present, we can estimate the off-diagonal elements of the covariance
matrix ÎC
(JWC∗)
as
ÎC
(JWC∗)
`1,`2
= Q̂V
(RC)
`1,`2
1{|Z|≤φ1−α/2} + ÎC
(JWC)
`1,`2
1{|Z|>φ1−α/2}, (B.13)
where φ1−α/2 is a critical value for the two-sided test with a significance level α.
Finally, we estimate all elements of the (continuous) covariance matrix:
ÎC
(JWC∗)
=
(
ÎC
(JWC∗)
`1,`1
ÎC
(JWC∗)
`1,`2
ÎC
(JWC∗)
`2,`1
ÎC
(JWC∗)
`2,`2
)
. (B.14)
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